Wound healing is a process driven by biochemical and mechanical variables in which new tissue is synthesized to recover the original tissue functionality. Wound morphology plays a crucial role in this process, as the skin behavior is not uniform along different directions. In this work we simulate the contraction of long surgical wounds, which can be characterized as elongated and deep wounds. Due to the regularity of this morphology, we approximate the evolution of the wound through its cross-section, adopting the hypotheses of plane strain. This simplification reduces the complexity of the computational problem while allows for a thorough analysis of the role of wound depth in the healing process, aspect of medical and computational relevance that has not yet been tackled. To reproduce wound contraction we consider the role of fibroblasts, myofibroblasts, collagen and a generic growth factor. The contraction phenomenon is driven by cell-generated forces. We postulate that these forces are adjusted to the mechanical environment of the tissue where cells are embedded through a mechanosensing and mechanotransduction mechanism. To solve the non-linear problem we have used the Finite Element Method and an updated Lagrangian approach to take into account the change in the geometry. In order to elucidate the role of wound depth and width on the contraction pattern and the evolution of the involved species, we analyze different wound geometries while preserve the wound area. We find that deeper wounds contract less and reach earlier the maximum contraction rate.
Introduction
Skin is the protective barrier between internal organs and external aggressions. In different situations this barrier is damaged and a number of complicated processes are needed to recover the initial functionality of the skin. Different injuries like burns, cuts, ulcers or surgery scars provoke the reduction of the skin quality making crucial the wound healing process to recover the appropriate properties [28] .
Wound healing is a process mainly driven by different cellular species (fibroblasts, myofibroblasts, epithelial cells, macrophages) and growth factors (MDGF, TGF−α, TGF−β, PDGF, VEGF). These species undergo several processes (proliferation, differentiation, migration, apoptosis) that modify their concentration regulating the evolution of the wound. Wound healing is usually divided into three stages: inflammation, tissue formation and scar remodeling [7] . During the inflammation stage, a fibrin clot is formed in the wound site and a number of growth factors are released. During the second stage, different cellular species are attracted to the clot by the growth factors released during inflammation. Epidermal cells proliferate into the wound area and granulation tissue appears [28] . Moreover, new blood vessels begin to grow to supply oxygen and nutrients to the new tissue. Fibroblasts secrete collagen to create a new extracellular matrix (ECM) that will replace the temporal fibrin clot. In this stage, the wound reduces its size and acquires a tensional state that will be relaxed slowly. Finally, in the remodeling stage collagen fibers previously synthesized are aligned with tension lines in such a way that the damaged tissue gradually recovers most of its initial functionality. In the last stage, processes initiated previously end and cells that are no longer needed die and are removed.
Wound contraction is one of the most important processes during wound healing. This process is strongly influenced by cellular and chemical species, but also by mechanics. Cells feel the mechanical changes on the substrate where they are embedded and regulate the forces that they exert depending on this mechanical environment [2, 15, 8] . Therefore, most wound healing works include both biological and mechanical factors on their models [10, 32, 19, 18, 31] . On the other hand, wound geometry is one of the most important characteristics that determines the evolution of the process. Wounds in the skin can be classified attending to its dimensions. Wounds with a large superficial area and a small depth should be treated in a different way that those wounds with a relevant depth.
For a number of years, mathematical models have been developed to study different biological and physiological processes [3] . Preceding works on wound healing focused on tracking the wound superficial area over time, neglecting any influence of wound depth on the contraction kinectics [22, 10, 18] . Previous works about wound healing [20, 27, 26, 19] and wound contraction [22, 23, 18] , have mostly studied wounds from a one-dimensional (1-D) perspective or under the assumption of plane stress. These models consider simple axisymmetric geometries that allow to reduce the spatial problem to a one-dimenaional model. Recent works have considered more realistic wound geometries [10, 31] solving the two-dimensional (2-D) spatial problem, again without taking into account the wound depth. Two-dimensional models allow to study complex wounds with more realistic geometries. From a numerical perspective planar wounds are easier to model as the boundary conditions are the same in the whole boundary and it is not necessary to take into account the natural boundary conditions term. Therefore, in this work we focus on the numerical solution of the governing system without boundary simplifications in the formulation to obtain a model applicable to both wound types. Hence, we present a mathematical model that allows to reproduce the evolution of both types (superficial and deep) wounds. We focus on the simulation of deep and elongated wounds in order to take into account the different behavior of the wound along different directions. The healing of deep and elongated wounds varies from that of planar wounds because all the involved phenomena occur, mainly, along wound depth. From a mechanical perspective the hypotheses of plane strain shall be adopted and a free boundary on the top surface of the wound arises. Note, moreover, that this approach to wound healing is the closest approximation to a threedimensional spatial model of wound healing. Three-dimensional models are desirable to capture realistic and complex wound morphologies. However, three-dimensional models are much more complex to develop and more expensive computationally. Additionally, there are still many hypotheses on cell and tissue behavior that need to be properly addressed in order to exploit the predictive power of three-dimensional wound healing models. Therefore, from a modeling and simulation point of view, two-dimensional models present the most affordable option with less simplification hypotheses. To our knowledge a model with these characteristics has not been developed before.
A Finite Element Method (FEM) is used to cope conveniently with complex wound geometries and the free boundary. An non linear finite element is implemented to solve the mechanical equilibrium of the tissue and the evolution of the chemical and cellular species simultaneously. The finite element approximation of the highly non-linear and coupled convection-diffusion-reaction governing equations allows us to propose an strict linearization of the governing equations that yields a linear system of equations easy to solve on each time increment.
Mathematical model
The aim of this work is to address the difference between planar and long deep wounds regarding the treatment of wound morphology and its mechanical behavior. Superficial wounds are studied assuming a plane stress approach, considering that its depth is much smaller than the other dimensions, while long and deep wounds need to be studied under a plane strain approach since the wound behavior is assumed to be the same along its length and thus, just the transversal section should be studied. Furthermore, in long and deep wounds, the upper part of the wound edge is in contact with the external environment with no constrains on its movement, which allows a different contraction pattern.
In this work we present the formulation and numerical solution of a model that reproduces the contraction of elongated and deep wounds. The model formulation used here, based on the mechano-chemical coupling of different cellular species, growth factors and the extracellular matrix, is similar to early works [22, 10, 18] , whereas less simplifications are assumed in its implementation than in previous models.
Thus, in order to reproduce the wound status over time, we take into account biological and mechanical factors affecting both the cellular kinetics and the extracellular matrix mechanical evolution. This mechano-chemical coupling is supported by experimental results proving that cells not only respond to biochemical stimulus but also modify their behavior depending on the mechanical evolution of the skin [2, 15] . Moreover, the mechanical contribution of the skin to the process determines the way the wound contracts, getting a crucial role in the process.
Governing equations
The model reproduces the temporal and spatial evolution of four different species within the wound space and the surrounding tissue. Following previous works [22, 10, 18] we considered two different cellular species: fibroblasts and myofibroblasts. Fibroblasts (n) are motile cells inside the skin that secrete extra-cellular matrix (ECM) and exert traction forces on the tissue in which they are embedded. On the other hand, myofibroblasts (m) are non-motile cells that appear in the skin due to the combined action of inflammatory growth factors and mechanical stimulus, and amplify the forces exerted by fibroblasts [9, 29] . The secreted ECM is mainly composed of collagen (ρ), that gives the structural support and mechanical properties to the skin. Collagen forms fibers that are synthesized and degraded by fibroblasts and myofibroblasts [13] . Thus, we assume that collagen is the main component in the skin and incorporates the stiffening effect on the newly synthesized ECM making its elastic modulus (E) dependent on the collagen density through E = E0ρ/ρ0, where E0 and ρ0 are the elastic modulus and the collagen density of the undamaged skin considering that the skin becomes stiffer as the collagen density increases [6, 24] . Finally, we considered a generic growth factor (c) accumulated in the wound site during the inflammatory phase that regulates cell migration and cell function during the contraction process.
Each of the above-mentioned cellular and chemical species follow a conservation law that incorporates the biological cues previously described. In general terms this conservation law can be expressed as
where JQ denotes the net flux of the species Q and fQ its net production. If we single out this equation for each of the four species, we find that the corresponding laws can be written as follows for fibroblasts (Eq (2)), myofibroblasts (Eq (3)), collagen (Eq (4)) and growth factor (Eq (5)),
where u represents the tissue displacements. The parameter values and descriptions can be found in Tables 1 and 2 .
As the model reproduces wound contraction we consider that it is not only driven by the previous biochemical laws but also by mechanical stimulus. Regarding the mechanical behavior of the system we express the balance between the internal stresses and the external forces as
where σecm denotes the ECM stress contribution. Following most works in wound contraction [22, 10, 18] , we assume that the skin behaves as a viscoelastic material and therefore, σecm can be written as
where, the elastic modulus of the ECM varies with the collagen density and θ denotes the volumetric strain of the ECM, ε denotes the ECM deformation and I refers to the second order identity tensor. On the other hand, σ cell represents the stress exerted by the cells in the ECM
Cell densities have a crucial role on determining this contractile stress [29, 13] , which is limited by the collagen density and it is modulated by a mechanical stimulus, p cell . This stimulus represents the net stress of one cell per unit of ECM [16] and its is a function of the matrix volumetric strain (θ),
In this expression, the contribution of two different parts of the cell to the generation of stresses are considered. One contribution is generated by the actomyosin contractile apparatus, while the other one is due to the passive elements of the cell, mainly the cytoskeleton [16] . Both components depend on the deformation that the cell supports. The passive component is proportional to the volumetric strain of the extracellular matrix and is always present. On the other hand, the actomyosin contribution is only present when the cell traction falls within certain (prescribed) limits and has a different behavior when it is shortened or lengthened.
Finally, fext denotes the tethering forces created by the attachment to the underlying tissue, that are proportional to the collagen density and the tissue displacements,
The parameters values and descriptions of the mechanical equilibrium equations can be found in Table 3 . 
[10] † Adjusted to fit reported migration rate with a traveling wave model. ‡ Determined fibroblasts proliferation kinetics to remain in equilibrium away from the wound. 
Boundary conditions
When tackling deep wounds special attention shall be paid to the evolution of species and mechanical tension along the wound depth.Thus, a detailed description of the boundary conditions for the different species is given in this section.
Given the fixed morphology of the wound (deep and elongated), we assume that the mechanical evolution of the wound follows the plane strain hypotheses, neglecting the deformations along the longitudinal direction of the wound. Furthermore, we simulate only the cross-section of the wound. The wound is assumed to behave in the same way in all its cross-sections, except near the two ends, considering that the wound length is much bigger than its other two dimensions (Figure 1 ). Let us denote by Ω the computational domain (see Figure 1) . The computational domain consists of two different parts, the wound and the surrounding tissue. Moreover, the undamaged tissue consists of two different layers, the dermis and the underlying tissue.
The boundary of the domain ∂Ω consists of two distinct and non-intersecting parts: the free boundary (Γu), which is in contact with the environment and can move freely, and the fixed boundary (Γt) that is attached to the underlying tissue. Mathematically, that can be written as ∂Ω = Γu ∪ Γt with Γu ∩ Γt = ∅.
The computational domain Ω is taken large enough in order to disregard boundary effects on the evolution of the species. Hence, on the outer boundary Γu diffusive fluxes and displacements are not allowed:
∇Q · n ⊥ = 0 and u = 0 on Γu,
for all species Q that migrate or diffuse through the tissue (that is, fibroblasts n and the generic growth factor c). Here n ⊥ denotes the normal vector pointing outwards [10] ‡ Determined collagen degradation kinetics to remain in equilibrium away from the wound. § Downestimated to prevent fibro-proliferative disorders [23] with the used GF decay rates. Ω. On the upper boundary Γt the situation is slightly different. Mass conservation of species Q imply, again, that there is no diffusive fluxes. However, there is no constrain on the displacement profile. Consequently, the stress vector t = σn ⊥ should be zero, which yields ∇Q · n ⊥ = 0 and t = 0 on Γt.
Hence, Γt behaves as a free boundary. Note that models focusing on the evolution of the wound surface do not deal with this moving boundary, and therefore the boundary conditions in those cases are given in Eq. (11) for the complete boundary. 
Initial conditions
We initialize the analysis at the beginning of the proliferative stage, when cells have not yet begun to appear in the wound site. As initial conditions we fix the concentration of the species in the whole domain. The cellular species, fibroblasts and myofibroblasts,
are not yet present in the wound. However, the undamaged tissue is full of fibroblasts while there are not myofibroblasts in this part, as they only appear where the damage has been produced. The new extracellular matrix has not begun to form in the wound site, so there is only a small collagen concentration on it belonging to the temporary fibrin clot, while the undamaged tissue has a regular collagen density. Finally, during previous stages, different growth factors have been released into the wound site, so we initiate our analysis with the wound site full of growth factor but no growth factor is present in the undamaged skin.
3 Numerical method
Weak formulation
Using Gauss' theorem, the integrals over the domain of computation of Eqs. (1) and (6) multiplied, respectively, by sufficiently smooth weighting function υQ and υ result in
where n ⊥ denotes the normal vector pointing outwards Ω and σ comprises the ECM stress contribution and the stress exerted by the cells
For all the considered species, the flux term JQ consist of a passive convection term Q ∂u ∂t and additional diffusive fluxes. Given that there is no diffusive fluxes across the boundaries Γu and Γt, and that u = 0 on Γu, we can write the boundary integral in Eq. (13) as
without loss of generality. Due to the boundary conditions, υ shall satisfy υ = 0 on Γu while t = 0 on Γt. Hence, the boundary integral in Eq. (14) vanishes
Therefore, the weak formulation of the problem results in
for all weighting functions υQ and υ sufficiently differentiable and satisfying υ = 0 on Γu. Note that due to the considered wound morphology, an integral over the free boundary of the domain arises. As the wound geometry dynamically changes, the position of Γt and the computation of the normal vector n ⊥ needs to be updated on each time increment. We assume the small deformation approach during each time increment, nevertheless in order to take into account the change in the normal outward vector and the change in the wound geometry, an updated Lagrangian approach is used.
We have implemented and calculated all the integrals that in existing wound contraction works are not present due to the plane stress assumption itself. Nevertheless, it is necessary to calculate this terms only on those elements that belong to the free boundary in the plane strain or three-dimensional simulations. In this case this effect can not be neglected as the boundary is moving and its contribution is significant.
Finite element approximation
To reach the Finite Element approximation it is necessary to express the primary unknowns in terms of their nodal values through their associated shape functions [35] :
where the finite element solution is denoted by the superscript h. The final discrete and nonlinear system of equations is reached substituting these approximations into the weak formulation (Eq. (13) and Eq. (14)) and setting the weighting functions equal to the shape functions. The time-dependent nodal values of the primary unknowns are determined from the resulting system of equations, which can be expressed as a balance of internal and external forces matrices
where F int comprises the temporal derivative and flux terms and F ext the reaction terms on the governing equations. The vector of unknowns Z denotes the ordered primary variables nodal values
Hence, nodal submatrices for the fibroblasts are given by
The remainder matrices are included in Appendix A. To obtain the solution of the resulting non-linear system of equations we use an explicit time integration method [36] an a Newton-Raphson linearization. Taking the non-zero entries of the Jacobian matrices are given in Appendix A. To reproduce properly the natural boundary conditions on the free boundary it is necessary to compute the corresponding boundary integrals. As our model is twodimensional the element integrals are surface integrals while the boundary integrals are line integrals. To treat the boundary conditions we need to calculate the boundary integrals only on those elements that belong to the free boundary and only in those element faces that correspond to its boundary, as in the rest of the domain they are zero.
The Finite Element formulation has been implemented using an updated Lagrangian approach. Hence, the reference configuration is updated after each time increment, even thought in each increment the small strain assumption is considered. This is needed to compute accurately the boundary conditions effect on the process, which depends strongly on the surface of the wound, as the natural boundary conditions contribution changes with the outwards normal direction. To perform the calculation process, initially we have the wound geometry and the species densities along the whole wound, together with the boundary conditions. We simulate the wound evolution during 30 days, in shorter steps of 0.1 days, to have an accurate evolution of the geometry. After the first analysis (corresponding to one step of 0.1 days) we update the wound geometry and perform a new analysis. This process can be repeated as many times as needed before completing the total time studied.
Example of application
Two different wound geometries are studied in this work, two long wounds with a semicircular or semielliptical transverse section. These wounds are characterized by having a large length and a non-depreciable depth. Therefore, these wounds can be studied through their transverse section using a plane strain approach (Figure 2) . The semicircular wound has a diameter (d) of 0.5 cm, while the semielliptical one has an aspect ratio of two, that is, its depth (b) is twice its width (a). The dimensions of the semielliptical wound are such that both wounds have the same area in the cross section. Both wounds are surrounded by healthy skin, taking the domain sufficiently large to neglect the boundary effects. Moreover, the undamaged tissue consists of two different layers, the dermis and the underlying tissue. Human dermis varies its depth depending on its anatomical location, and it can have a thickness between 1 and 4 mm [21] . Here, we assume that the dermis has a depth of 1.5mm, and the simulated wounds are deep enough to go through the dermis. Considering the symmetry of the wound and the surrounding skin, we simulate half of the whole geometry. 
Results
First, we study the spatial contraction and temporal evolution of the wound. In Figure  3 we present the normalized contraction curve for the two studied geometries. In this curve we represent the area of the simulated domain (half of the wound) during the simulated time (30 days) in relation to its initial area. We observe that for both wounds, the main part of the contraction takes place during the first days and then contracts more slowly. The highest contraction percentage is reached around day 10 in the semielliptical wound and around day 12 in the semicircular wound. From this point to the end of the 30 days the wounds distract slowly. If we compare the contraction experimented by both wounds, we can see that the semicircular wound contracts more than the semielliptical one, reducing its size up to the 84.2% of its initial area while the semielliptical wound contracts up to the 86.5% of its initial size. On the early stages of wound contraction (5 days), the semicircular wound contracts faster than the semielliptical wound. After this transitory, both wounds seem to reach stationary state at the same time. We observe how the wound center (see Figure 2) is the point where the boundary downward displacement is higher, around 0.66 mm. in the semicircular wound and 0.82 mm in the semielliptical one, and how the further we move from this point, the smaller the downward displacement of the free surface is.
Regarding the final geometry of the wound, we observe in Figure 4 the evolution of the wound geometry at different times and see how the free boundary of the wound has moved down due to myofibroblasts contraction forces. If we observe the evolution of different species in the wound (Figure 4 ) we see how fibroblasts invade the wound site as the wound heals. The fibroblasts movement in the semielliptical wound is as fast as in the semicircular wound, the wound site is almost full of fibroblasts in day 3 while the semicircular one never reaches this level in the simulated period. The fibroblasts concentration far from the wound site remains invariable during the complete process. In a similar way, we observe the evolution of myofibroblasts in both wounds ( Figure 5 ). Myofibroblasts appear when there is damage, in the wound and in the closest healthy skin. They appear during some days and disappear after contraction. We observe that the higher contraction takes place while myofibroblasts are in the tissue and stabilizes when they disappear.
Finally, we observe how the volumetric strain of the wound and the surrounding tissue evolves (Figure 6 ). The volumetric strain (θ) denotes how much the tissue has been deformed (contracted or expanded) from its initial size. During the entire process the tissue that is far from the wound does not experience any contraction. Inside the wound site we observe that the contraction begins in the boundary between the wound and the healthy skin and as the cell concentration increases and cells invade the wound center, it also contracts. However, we observe that the final contraction has the highest value in the wound center. We observe that these distributions remain without changes from the moment that the contraction is stabilized in the contraction curve ( Figure 3 ). 
Discussion
Computational models are becoming more important during the last years [3, 4] . These models allow, among others, to reproduce the evolution in wounds, which has not been deeply studied experimentally. There are not many computational studies in human wounds and those that are in the literature mostly study planar wounds. Long and deep wounds are more difficult to study computationally than planar wounds. Deep and long wounds are difficult to heal and a deeper knowledge about the different phenomena that take place during wound healing is essential to reach a successful healing. In this work, we present a model that predicts how deep and elongated wounds contract depending on how different species that are present in the skin evolve and behave. Our work follows the work of Javierre at al. [10] based on the first biochemical wound contraction model developed [22] . Javierre's model studied the behavior of two-dimensional planar wounds with different sizes and geometries. There are a number of models [22, 18, 26] , among others, that also studied planar wounds but from a one-dimensional perspective, with simpler but also more restrictive models. Although those models reproduce properly the process, they are only useful for a small number of wound geometries (straight and circular), making them not applicable to real complex wounds.
All these past models, both in 1D and in 2D were only applicable to reproduce the behavior of planar wounds. These wounds are characterized by being superficial wounds in which their superficial area determines the healing of the wound.
There are few animal models for the study of wound contraction [14, 25] . Most of them study superficial wounds, not looking at the processes that take place along the transversal section of the wound. The present model elucidates the role of wound depth on the contraction kinetics. Hence, one of the most relevant outcomes of this work is the direct relation between wound morphology, wound contraction and scar formation. This relation could be used to identify the suture pattern that minimizes the contraction of the wound and, consequently, results in a smaller scar [34] . This prediction would be of special interest in the plastic surgery area, in which the size and visibility of scars is one of the most important factors.
More serious wounds like ulcers or surgery scars are not comparable to planar wounds. In these wounds, the transversal behavior (along its depth) is more relevant than the superficial behavior. Most of the change in geometry is due to the movement of the free boundary in contact with the environment that can move without any impediment. These wounds have more importance as they are real clinical wounds, hard to heal, that usually need help to heal properly. Previous models are not useful to reproduce these wounds as they can not mimic the real behavior of the species in the free boundary. A first attempt to study deep wounds was made in [32] . However, this work was focused on the coupling of wound closure, angiogenesis and contraction. In this work we present a model to simulate deep wounds and reproduce their behavior along their depth. Although these wounds are more similar to real wounds, their behavior is also much more difficult to reproduce. Mathematically, the difficulty of these wounds is translated into a higher number of terms in the weak formulation. As the effect of the free boundary is not negligible, it is necessary to solve both the element and also the boundary integrals that define the problem, while in planar wounds the boundary integrals vanish in the formulation. To our knowledge this kind of wounds have not been previously studied, neither this equations have been solved without neglecting the natural boundary conditions term and updating the geometry considering an updated Lagrangian approach. We have found that deeper wounds, with less area in contact with the surrounding environment in relation to its depth, contract less than wider wounds, more similar to semicircular wounds. Although there are not studies about wound contraction in deep wounds our results agree qualitatively with experimental works [1, 33] and computational [22, 20] results for the contraction curves in planar wounds. The major difference in these curves is that contraction is faster in deep wounds.
To perform this analysis several simplifications were needed. First, the model considers a small strain approach. We have implemented model using an updated Lagrangian approach. Thus, we update the reference configuration every time increment. It is found that the deformations in the tissue are small enough to satisfy the small strain hypothesis (lower than 0.6% in all time increments). From this perspective, it is reasonable to use a viscoelastic constitutive law, although using a hyperelastic behavior would be more accurate.
It is also known that the contraction process is hardly influenced by the relative position of the wound with the skin tension lines. Wounds parallel to tension lines heal better, creating smaller scars, while wounds perpendicular to tension lines generate bigger scars [17] . Another limitation of the model is that we neglect the effect of collagen fibers orientation the tissue, which would modify the effect of the stress exerted by cells. Including these fibers would give the model a more realistic anisotropic behavior. Nevertheless, we simulate the contraction stage and in this stage of wound healing the wound fibers are randomly dispersed in the matrix and its reorganization takes several months [27] . The effect of the collagen fibers would be more important in the remodeling phase.
Wound healing in the skin is one the major medical challenges nowadays. Although surgery techniques have been improved and surgeons can perform a number of different surgeries, usually the most severe difficulties come after the surgery, caused by the scars. Moreover, ulcers and cuts are wounds difficult to control. Thus, mathematical models that allow to reproduce the healing process can help to understand the healing mechanism and how to improve it.
and
where all the terms containing n ⊥ refer to the boundary and are the terms that allow us to reproduce the boundary behavior. To obtain the solution of the resulting system of equations we use an explicit integration method taking the non-zero entries of the Jacobian matrices 
